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ON GRADED S-PRIME SUBMODULES
HICHAM SABER, TARIQ ALRAQAD , AND RASHID ABU-DAWWAS
Abstract. In this article, we introduce the concepts of graded S-prime submod-
ules and graded S-torsion free modules, which are generalizations of graded prime
submodules and graded torsion free modules. Suppose that S ⊆ h(R) is a multi-
plicatively closed subset of a graded commutative ring R, and let M be a graded
unital R-module. A graded R-submodule N of M with (N :R M)
⋂
S = ∅ is said
to be a graded S-prime R-submodule if there exists s ∈ S and whenever rm ∈ N
then either sr ∈ (N :R M) or sm ∈ N for each r ∈ h(R) and m ∈ h(M). Also,
a graded R-module M is called graded S-torsion free if AnnR(M)
⋂
S = ∅ and
there exists s ∈ S such that rm = 0 implies sr = 0 or sm = 0 for each r ∈ h(R)
and m ∈ h(M).
1. Introduction
Throughout this article, G will be a group with identity e, R a commutative ring
with a nonzero unity 1 and M an unital R-module. R is said to be G-graded if
R =
⊕
g∈G
Rg with RgRh ⊆ Rgh for all g, h ∈ G where Rg is an additive subgroup of
R for all g ∈ G. The elements of Rg are called homogeneous of degree g. If x ∈ R,
then x can be written as
∑
g∈G
xg, where xg is the component of x in Rg. Also, we set
h(R) =
⋃
g∈G
Rg. Moreover, it has been proved in [8] that Re is a subring of R and
1 ∈ Re. Let I be an ideal of a graded ring R. Then I is said to be graded ideal if
I =
⊕
g∈G
(I ∩Rg), i.e., for x ∈ I, x =
∑
g∈G
xg where xg ∈ I for all g ∈ G. An ideal of a
graded ring need not be graded. Let R be a G-graded ring and I is a graded ideal
of R. Then R/I is G-graded by (R/I)g = (Rg + I)/I for all g ∈ G.
Assume that M is an unital R-module. Then M is said to be G-graded if M =⊕
g∈G
Mg with RgMh ⊆ Mgh for all g, h ∈ G where Mg is an additive subgroup of M
for all g ∈ G. The elements of Mg are called homogeneous of degree g. It is clear
that Mg is an Re-submodule of M for all g ∈ G. Moreover, we set h(M) =
⋃
g∈G
Mg.
Let N be an R-submodule of a graded R-module M . Then N is said to be graded
R-submodule if N =
⊕
g∈G
(N ∩Mg), i.e., for x ∈ N , x =
∑
g∈G
xg where xg ∈ N for all
g ∈ G. An R-submodule of a graded R-module need not be graded. Let M be a
G-graded R-module and N be a graded R-submodule of M . Then M/N is a graded
R-module by (M/N)g = (Mg +N)/N for all g ∈ G.
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Lemma 1.1. ([6], Lemma 2.1) Let R be a G-graded ring and M be a G-graded
R-module.
(1) If I and J are graded ideals of R, then I + J and I
⋂
J are graded ideals of
R.
(2) If N and K are graded R-submodules of M , then N + K and N
⋂
K are
graded R-submodules of M .
(3) If N is a graded R-submodule of M , r ∈ h(R), x ∈ h(M) and I is a graded
ideal of R, then Rx, IN and rN are graded R-submodules of M .
If N is a graded R-submodule of M , then AnnR(N) = {r ∈ R : rN = {0}} is a
graded ideal of R (see [7]), and (N :R M) = {r ∈ R : rM ⊆ N} is a graded ideal of
R (see [2]).
The aim of this article is following [10] to introduce graded S-prime submodules
and graded S-torsion free modules. The concept of graded prime submodule has a
meaningful location in the theory of graded modules, and it is used to distinguish
certain classes of graded modules. For years, there have been many studies and
generalizations on this argument. See, for example, [1], [2], [3] and [9]. The sets
of graded prime ideals and graded maximal ideals are denoted by GSpec(R) and
GMax(R); respectively. A graded ring R is called graded quasilocal if |GMax(R)| =
1. Recall from [2] that a graded prime R-submodule is a proper graded R-submodule
N of M having the property that rm ∈ N implies r ∈ (N :R M) or m ∈ N for each
r ∈ h(R) and m ∈ h(M). In this case, (N :R M) ∈ GSpec(R). A graded R-module
M is called a graded multiplication R-module if N = (N :R M)M for every graded
R-submodule N of M (see [5]). If the only graded R-submodules of M are {0} and
M itself, then we call M a graded simple R-module (see [8]).
Consider a nonempty subset S of R. We call S a multiplicatively closed subset
(briefly, m.c.s.) of R if (i) 0 /∈ S, (ii) 1 ∈ S, and (iii) ss′ ∈ S for all s, s′ ∈ S (see [12]).
Note that SI = h(R) − I is a m.c.s. of R for every I ∈ GSpec(R). Let S ⊆ h(R)
be a m.c.s. of R and N a graded R-submodule of M with (N :R M)
⋂
S = ∅.
Then the graded R-submodule N is called a graded S-prime R-submodule if there
exists s ∈ S and whenever rm ∈ N then either sr ∈ (N :R M) or sm ∈ N for each
r ∈ h(R) and m ∈ h(M). In particular, a graded ideal I of R is called a graded
S-prime ideal if I is a graded S-prime R-submodule of the R-module R. Note that
as 1 ∈ S, every graded prime R-submodule of M whose residual by M is disjoint
from S is graded S-prime, however, the converse is not true in general (Example
2.3). Also, if S ⊆ HU(R), where HU(R) denotes the set of homogeneous units in R,
the notions of graded S-prime submodules and graded prime submodules are equal.
Here, we denote the sets of all graded prime R-submodules and all graded S-prime
R-submodules by GSpec(RM) and GSpecS(RM), respectively. In particular, we
write GSpecS(R) to express the set of all graded S-prime ideals of R.
Among several results, we prove that if N ∈ GSpecS(RM) , then S
−1N is a graded
prime S−1R-submodule of S−1M (Proposition 2.2 (4)), however, the converse is not
true in general (Example 2.7). We show that N ∈ GSpecS(RM) if and only if there
is an s ∈ S, and IK ⊆ N implies sI ⊆ (N :R M) or sK ⊆ N for each graded
ideal I of R and graded R-submodule K of M (Proposition 2.8). In Proposition
2.10, we study graded S-prime submodules over graded R-homomorphisms. We
prove that if N ∈ GSpecS(RM), then (N :R M) ∈ GSpecS(R), and the converse
is true if M is a graded multiplication R-module (Proposition 2.13). We show
that N ∈ GSpecS(RM) if and only if (N :M s) ∈ GSpec(RM) for some s ∈ S
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(Proposition 2.24). It is known that by ([2], Proposition 2.7), if N ∈ GSpec(RM),
then (N :R M) ∈ GSpec(R), however, the converse is not true in general (Example
2.25), we prove that if (R,X) is a graded quasilocal ring, then N ∈ GSpec(RM)
if and only if (N :R M) ∈ GSpec(R) and N ∈ GSpech(R)−X(RM) (Proposition
2.26). In Proposition 2.28, we study graded S-prime submodules over idealizations.
Finally, we show that if M is a finitely generated graded R-module and every proper
graded R-submodule of M is graded S-prime, then AnnR(M)
⋂
h(R) = HZ(M) =
{r ∈ h(R) : rm = 0 for some nonzero m ∈ h(M)} (Proposition 2.31).
A graded R-module M is graded torsion free if the homogeneous torsion subset
HT (M) = {m ∈M : rm = 0 for some nonzero r ∈ h(R)} is zero (see [2]). Let M
be a graded R-module and S ⊆ h(R) be a m.c.s. of R with AnnR(M)
⋂
S = ∅. We
call M a graded S-torsion free R-module with rm = 0 implying either sr = 0 or
sm = 0 for some fixed s ∈ S and for each r ∈ h(R), m ∈ h(M). It can be easily seen
that being a graded torsion free module is a sufficient condition for being a graded
S-torsion free module. We prove that N ∈ GSpecS(RM) if and only if M/N is a
graded f(S)-torsion free R/(N :R M)-module, where f : R → R/(N :R M) is the
graded R- homomorphism defined by f(r) = r+(N :R M) for all r ∈ R (Proposition
2.30).
2. Graded S-Prime Submodules
In this section, we introduce and study the concept of graded S-prime submodules.
Definition 2.1. Suppose that S ⊆ h(R) is a m.c.s. of a graded commutative ring
R, and let M be a graded unital R-module. A graded R-submodule N of M with
(N :R M)
⋂
S = ∅ is said to be a graded S-prime R-submodule if there exists s ∈ S
and whenever rm ∈ N then either sr ∈ (N :R M) or sm ∈ N for each r ∈ h(R)
and m ∈ h(M).
Let S ⊆ h(R) be a m.c.s and M be a graded R-module. Then S−1M is a
graded S−1R-module with (S−1M)g =
{
m
s
, m ∈Mh, s ∈ S ∩ Rhg−1
}
and (S−1R)g ={
a
s
, a ∈ Rh, s ∈ S ∩ Rhg−1
}
for all g ∈ G. It is obvious that
S∗ =
{
x ∈ h(R) : x
1
is a homogeneous unit of S−1R
}
is a m.c.s of R containing S.
Proposition 2.2. Assume that R is a graded ring, S ⊆ h(R) is a m.c.s. and M is
a graded R-module. Then
(1) If N ∈ GSpec(RM) provided that (N :R M) and S are disjoint, then N ∈
GSpecS(RM). In fact, if S ⊆ HU(R) and N ∈ GSpecS(RM), then N ∈
GSpec(RM).
(2) If S1 ⊆ S2 are m.c.s. of h(R) and N ∈ GSpecS1(RM) , then N ∈ GSpecS2(RM)
where (N :R M)
⋂
S2 = ∅.
(3) N ∈ GSpecS(RM) if and only if N ∈ GSpecS∗(RM).
(4) If N ∈ GSpecS(RM) , then S
−1N is a graded prime S−1R-submodule of
S−1M .
Proof. (1) Straightforward.
(2) Straightforward.
(3) Let N ∈ GSpecS(RM). As S ⊆ S
∗, by (2), it is enough to prove that
(N :R M)
⋂
S∗ = ∅. Let x ∈ (N :R M)
⋂
S∗ 6= ∅. Then xM ⊆ N and
x
1
is a homogeneous unit of S−1R, and then x
1
. r
s
= 1 for some r ∈ h(R)
and s ∈ S, which implies that us = uxr for some u ∈ S. Suppose that
us = t ∈ S. Then t = uxr ∈ (N :R M)
⋂
S, which is a contradiction. So,
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(N :R M)
⋂
S∗ = ∅. Conversely, let N ∈ GSpecS∗(RM), r ∈ h(R) and
m ∈ h(M) such that rm ∈ N . As N ∈ GSpecS∗(RM), there exists t ∈ S
∗
such that tr ∈ (N :R M) or tm ∈ N . Since
t
1
is a homogeneous unit of
S−1R, there exist u, s ∈ S and a ∈ h(R) such that us = uta. Assume that
us = α ∈ S. Then αr = uatr ∈ (N :R M) or αm = uatm ∈ N . Hence,
N ∈ GSpecS(RM).
(4) Suppose that N ∈ GSpecS(RM). Let
r
s
∈ h(S−1R) and m
t
∈ h(S−1M) such
that r
s
.m
t
∈ S−1N . Then urm ∈ N for some u ∈ S. Since N ∈ GSpecS(RM),
there exists α ∈ S such that αur ∈ (N :R M) or αm ∈ N , which implies
that r
s
= αur
αus
∈ S−1(N :R M) ⊆ (S
−1N :S−1R S
−1M) or m
t
= αm
αt
∈ S−1N .
Hence, S−1N is a graded prime S−1R-submodule of S−1M .

The next example shows that the converse of Proposition 2.2 (1) is not true in
general.
Example 2.3. Consider R = Z and G = Z2. Then R is trivially G-graded by
R0 = Z and R1 = {0}. Consider the R-modules T = Z[i] and L = Z2[i]. Then T
and L are G-graded by T0 = Z, T1 = iZ, L0 = Z2 and L1 = iZ2. So, M = T × L is
a G-graded R-module where M0 = T0×L0 and M1 = T1×L1. Now, N = {0}× {0}
is a graded R-submodule of M with (N :R M) = {0}. Consider S = Z − {0} is
a m.c.s of h(R) and put s = 2 ∈ S. We show that N ∈ GSpecS(RM). Note that
(N :R M)
⋂
S = ∅. Let r ∈ h(R) and m ∈ h(M) such that rm ∈ N .
Case 1: If m ∈ M0, then m = (t0, l0) for some t0 ∈ Z and l0 ∈ Z2, and then
rm = (rt0, rl0) ∈ N , which implies that rt0 = 0 and rl0 = 0. If r = 0, then we are
done. Assume that t0 = 0. Then sm = 2(t0, l0) ∈ N . Hence, N ∈ GSpecS(RM).
Case 2: If m ∈ M1, then m = (t1, l1) for some t1 ∈ iZ and l1 ∈ iZ2, and then
t1 = ia and l1 = ib for some a ∈ Z and b ∈ Z2. So, rm = (ira, irb) ∈ N , which
implies that ra = 0 and rb = 0. Hence, by Case (1), N ∈ GSpecS(RM).
On the other hand, 2 ∈ h(R) and (0, 1) ∈ h(M) such that 2(0, 1) ∈ N , but
2 /∈ (N :R M) and (0, 1) /∈ N . Hence, N is not graded prime R-submodule of M .
Now, we are going to prove that the converse of Proposition 2.2 (4) is not true in
general. Firstly, we need the following:
Definition 2.4. A graded commutative ring R with unity is said to be a graded field
if every nonzero homogeneous element of R is unit.
The next example shows that a graded field need not be a field.
Example 2.5. Let R be a field and suppose that F = {x+ uy : x, y ∈ R, u2 = 1}.
If G = Z2, then F is G-graded by F0 = R and F1 = uR. Let a ∈ h(F ) such that
a 6= 0. If a ∈ F0, then a ∈ R and since R is a field, we have a is a unit element.
Suppose that a ∈ F1. Then a = uy for some y ∈ R. Since a 6= 0, we have y 6= 0,
and since R is a field, we have y is a unit element, that is zy = 1 for some z ∈ R.
Thus, uz ∈ F1 such that (uz)a = uz(uy) = u
2(zy) = 1.1 = 1, which implies that a
is a unit element. Hence, F is a graded field. On the other hand, F is not a field
since 1 + u ∈ F − {0} is not a unit element since (1 + u)(1− u) = 0.
Lemma 2.6. Let R be a graded field and M be a graded R-module. Then every
proper graded R-submodule of M is graded prime.
Proof. Let N be a proper graded R-submodule of M . Suppose that r ∈ h(R) and
m ∈ h(M) such that rm ∈ N . If r = 0, then r = 0 ∈ (N :R M). If r 6= 0, then r is
ON GRADED S-PRIME SUBMODULES 5
unit as R is graded field, and then r−1 ∈ R with r−1(rm) = m ∈ N . Hence, N is a
graded prime R-submodule of M . 
The next example shows that the converse of Proposition 2.2 (4) is not true in
general.
Example 2.7. Consider R = Z and G = Z2. Then R is trivially G-graded by
R0 = Z and R1 = {0}. Consider the R-module T = Q[i]. Then T is G-graded
by T0 = Q and T1 = iQ. So, M = T × T is a G-graded R-module where M0 =
T0 × T0 and M1 = T1 × T1. Now, N = Z× {0} is a graded R-submodule of M with
(N :R M) = {0}. Consider S = Z − {0} is a m.c.s of h(R). Then S−1R = Q is a
graded field, and then by Lemma 2.6, S−1N is a graded prime S−1R-submodule of
S−1M . On the other hand, assume that s ∈ S, and choose a prime number p with
gcd(s, p) = 1. Then p ∈ h(R) and (1
p
, 0) ∈ h(M) such that p(1
p
, 0) = (1, 0) ∈ N ,
but sp /∈ (N :R M) and s(
1
p
, 0) = ( s
p
, 0) /∈ N . Hence, N is not graded S-prime
R-submodule of M .
Proposition 2.8. Let M be a G-graded R-module, N be a graded R-submodule of
M and S be a m.c.s of h(R). Then N ∈ GSpecS(RM) if and only if there is an
s ∈ S, and IK ⊆ N implies sI ⊆ (N :R M) or sK ⊆ N for each graded ideal I of
R and graded R-submodule K of M .
Proof. Suppose that N ∈ GSpecS(RM). Suppose that IK ⊆ N for some graded
ideal I of R and graded R-submodule K of M . As N ∈ GSpecS(RM), there is an
s ∈ S so that rm ∈ N implies sr ∈ (N :R M) or sm ∈ N for each r ∈ h(R) and
m ∈ h(M). Assume that sK * N . Then there exists k ∈ K such that sk /∈ N ,
and then there exists g ∈ G such that skg /∈ N . Note that, kg ∈ K as K is graded
submodule. Let r ∈ I. Then rh ∈ I for all h ∈ G as I is graded ideal. Now,
rhkg ∈ IK ⊆ N for all h ∈ G. Since N ∈ GSpecS(RM) and skg /∈ N , we have
srh ∈ (N :R M) for all h ∈ G, and then sr ∈ (N :R M). Hence, sI ⊆ (N :R M).
Conversely, let r ∈ h(R) and m ∈ h(M) with rm ∈ N . Now, I = Rr is a graded
ideal of R and K = Rm is a graded R-submodule of M such that IK ⊆ N . Then
by assumption, there is an s ∈ S so that sI ⊆ (N :R M) or sK ⊆ N , and so either
sr ∈ (N :R M) or sm ∈ N . Therefore, N ∈ GSpecS(RM). 
Corollary 2.9. Let R be a graded ring, P be a graded ideal of R and S be a m.c.s
of h(R). Then P ∈ GSpecS(R) if and only if there is an s ∈ S, and IJ ⊆ P implies
sI ⊆ P or sJ ⊆ P for each graded ideals I and J of R.
Let M and T be G-graded R-modules. Then an R-homomorphism f : M → T is
said to be a graded R-homomorphism if f(Mg) ⊆ Tg for all g ∈ G (see [8]).
Proposition 2.10. Let M and T be G-graded R-modules. Assume that f :M → T
is a graded R-homomorphism.
(1) If K ∈ GSpecS(RT ) provided that (f
−1(K) :R M)
⋂
S = ∅, then f−1(K) ∈
GSpecS(RM).
(2) If f is a graded R-epimorphism and N ∈ GSpecS(RM) with Ker(f) ⊆ N ,
then f(N) ∈ GSpecS(RT ).
Proof. (1) Clearly, f−1(K) is a graded R-submodule of M . Let rm ∈ f−1(K)
for some r ∈ h(R), m ∈ h(M). Then f(rm) = rf(m) ∈ K. Since K ∈
GSpecS(RT ), there is an s ∈ S so that sr ∈ (K :R T ) or sf(m) = f(sm) ∈ K.
Now we show that (K :R T ) ⊆ (f
−1(K) :R M). Let x ∈ (K :R T ). Then
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xT ⊆ K. Since f(M) ⊆ T , we have that f(xM) = xf(M) ⊆ xT ⊆ K,
which implies that xM ⊆ xM + Ker(f) = f−1(f(xM)) ⊆ f−1(K) and
hence x ∈ (f−1(K) :R M). As (K :R T ) ⊆ (f
−1(K) :R M), we have either
sr ∈ (f−1(K) :R M) or sm ∈ f
−1(K). Hence, f−1(K) ∈ GSpecS(RM).
(2) Clearly, f(N) is a graded R-submodule of T . Firstly, we show that (f(N) :R
T )
⋂
S = ∅. If not, there would be an s ∈ (f(N) :R T )
⋂
S. Since s ∈
(f(N) :R T ), sT ⊆ f(N) , and then f(sM) = sf(M) ⊆ sT ⊆ f(N). So,
we have sM ⊆ sM + Ker(f) ⊆ N + Ker(f) = N , which implies that
sM ⊆ N . Thus s ∈ (N :R M) , which contradicts that N ∈ GSpecS(RM).
Let r ∈ h(R), t ∈ h(T ) with rt ∈ f(N). Since f is an R-epimorphism, there
is an m ∈ h(M) such that t = f(m) . Then rt = rf(m) = f(rm) ∈ f(N).
Since Ker(f) ⊆ N , we have rm ∈ N . Since N ∈ GSpecS(RM), there is an
s ∈ S so that sr ∈ (N :R M) or sm ∈ N . Since (N :R M) ⊆ (f(N) :R T ), we
have sr ∈ (f(N) :R T ) or f(sm) = sf(m) = st ∈ f(N). Correspondingly,
f(N) ∈ GSpecS(RT ).

Lemma 2.11. Let M be a graded R-module, L be a graded R-submodule of M , and
N be an R-submodules of M such that L ⊆ N . Then N is a graded R-submodule of
M if and only if N/L is a graded R-submodule of M/L.
Proof. Suppose that N is a graded R-submodule of M . Clearly, N/L is an R-
submodule of M/L. Let x + L ∈ N/L. Then x ∈ N and since N is graded,
x =
∑
g∈G
xg where xg ∈ N for all g ∈ G and then (x + L)g = xg + L ∈ N/L for all
g ∈ G. Hence, N/L is a graded R-submodule of M/L. Conversely, let x ∈ N . Then
x =
∑
g∈G
xg where xg ∈Mg for all g ∈ G and then (xg +L) ∈ (Mg +L)/L = (M/L)g
for all g ∈ G such that
∑
g∈G
(x+L)g =
∑
g∈G
(xg +L) =
(∑
g∈G
xg
)
+L = x+L ∈ N/L.
Since N/L is graded, xg + L ∈ N/L for all g ∈ G which implies that xg ∈ N for all
g ∈ G. Hence, N is a graded R-submodule of M . 
Proposition 2.12. Let M be a graded R-module, L be a graded R-submodule of M
and S be a m.c.s of h(R).
(1) If K ∈ GSpecS(RM) with (K :R L)
⋂
S = ∅, then L
⋂
K ∈ GSpecS(RL).
(2) Suppose that N is an R-submodule ofM with L ⊆ N . Then N ∈ GSpecS(RM)
if and only if N/L ∈ GSpecS(R(M/L)).
Proof. (1) Clearly, L
⋂
K is a graded R-submodule of L. Consider the graded
R-homomorphism f : L→M defined by f(m) = m for allm ∈ L. Then note
that f−1(K) = L
⋂
K. Now we show that (f−1(K) :R L)
⋂
S = ∅. Assume
that s ∈ (f−1(K) :R L)
⋂
S. Then we have that sL ⊆ f−1(K) = L
⋂
K ⊆ K
and thus s ∈ (K :R L)
⋂
S, which is a contradiction. The result holds by
Proposition 2.10 (1).
(2) Suppose that P ∈ GSpecS(RM). Then by Lemma 2.11, N/L is a graded
R-submodule of M/L. Consider the graded R-epimorphism f : M → M/L
defined by f(m) = m + L for all m ∈ M . By Proposition 2.10 (2), N/L ∈
GSpecS(R(M/L)). Conversely, by Lemma 2.11, N is a graded R-submodule
of M . Let rm ∈ N for some r ∈ h(R), m ∈ h(M). Then r(m + L) =
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rm + L ∈ N/L. Since N/L ∈ GSpecS(R(M/L)), there is an s ∈ S so that
sr ∈ (N/L :R M/L) = (N :R M) or s(m + L) = sm+ L ∈ P/L. Therefore,
we have sr ∈ (N :R M) or sm ∈ N . Hence, N ∈ GSpecS(RM).

Proposition 2.13. Let M be a graded R-module and S be a m.c.s of h(R).
(1) If N ∈ GSpecS(RM), then (N :R M) ∈ GSpecS(R).
(2) If M is a graded multiplication R-module and (N :R M) ∈ GSpecS(R), then
N ∈ GSpecS(RM).
Proof. (1) By ([2], Lemma 2.1), (N :R M) is a graded ideal of R. Let ab ∈
(N :R M) for some a, b ∈ h(R). Since N ∈ GSpecS(RM), there is an s ∈ S
so that rm ∈ N implies sr ∈ (N :R M) or sm ∈ N for all r ∈ h(R) and
m ∈ h(M). Note that ab ∈ h(R) such that abm ∈ N for all m ∈ h(M). If
sa ∈ (N :R M), there is nothing to prove. Suppose that sa /∈ (N :R M).
Since N ∈ GSpecS(RM), sbm ∈ N for all m ∈ h(M). Let t ∈ M . Then
t =
∑
g∈G
tg where tg ∈ Mg for all g ∈ G, and then sbtg ∈ N for all g ∈ G,
which implies that sbt = sb
(∑
g∈G
tg
)
=
∑
g∈G
sbtg ∈ N , so that sb ∈ (N :R M).
Therefore, (N :R M) ∈ GSpecS(R).
(2) Let I be a graded ideal of R and K be a graded R-submodule of M with
IK ⊆ N . Then we have that I(K :R M) ⊆ (IK :R M) ⊆ (N :R M).
Since (N :R M) ∈ GSpecS(R), by Corollary 2.9, there is an s ∈ S so
that sI ⊆ (N :R M) or s(K :R M) ⊆ (N :R M). Thus, we have that
sI ⊆ (N :R M) or sK = s(K :R M)M ⊆ (N :R M)M = N . By Proposition
2.8, N ∈ GSpecS(RM).

Assume that M is a graded multiplication R-module and N,K are two graded R-
submodules ofM . Then the product ofN andK is defined asNK = (N :R M)(K :R
M)M (see [5]). As an instantaneous result of Proposition 2.13 and Proposition 2.8,
we have the following specific result.
Corollary 2.14. Suppose that M is a graded multiplication R-module, S is a m.c.s
of h(R) and N is a graded R-submodule of M with (N :R M)
⋂
S = ∅. Then
N ∈ GSpecS(RM) if and only if there is an s ∈ S, for every graded R-submodules
L,K of M with LK ⊆ N , we have sL ⊆ N or sK ⊆ N .
Proposition 2.15. LetM be a graded multiplication R-module and N ∈ GSpecS(RM).
Suppose that K
⋂
L ⊆ N for some graded R-submodules K,L of M . Then sK ⊆ N
or sL ⊆ N for some s ∈ S.
Proof. Since N ∈ GSpecS(RM), there is an s ∈ S so that rm ∈ N implies sr ∈ (N :R
M) or sm ∈ N for each r ∈ h(R) and m ∈ h(M). Suppose that sL * N . Then
sm /∈ N for some m ∈ L, and then there exists g ∈ G such that smg /∈ N , where
mg ∈ L as L is graded submodule. Let r ∈ (K :R M). Then rh ∈ (K :R M) for all
h ∈ G as (K :R M) is a graded ideal, and then rhmg ∈ (K :R M)L ⊆ L
⋂
K ⊆ N .
Since N ∈ GSpecS(RM) and smg /∈ N , we have that srh ∈ (N :R M) for all h ∈ G,
and then sr ∈ (N :R M), so that s(K :R M) ⊆ (N :R M). Since M is a graded
multiplication R-module, sK = s(K :R M)M ⊆ (N :R M)M = N . 
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Let R1 and R2 be G-graded rings. Then R = R1 × R2 is a G-graded ring with
Rg = (R1)g × (R2)g for all g ∈ G (see [8]).
Lemma 2.16. Let R1 and R2 be G-graded rings and R = R1×R2. Then P = P1×P2
is a graded ideal of R if and only if P1 is a graded ideal of R1 and P2 is a graded
ideal of R2.
Proof. Suppose that P is a graded ideal of R. Clearly, P1 is an ideal of R1 and P2
is an ideal of R2. Let a ∈ P1. Then (a, 0) ∈ P , and then (a, 0)g = (ag, 0) ∈ P for
all g ∈ G as P is graded ideal, which implies that ag ∈ P1 for all g ∈ G. Hence,
P1 is a graded ideal of R1. Similarly, P2 is a graded ideal of R2. Conversely, it is
clear that P is an ideal of R. let (a, b) ∈ P . Then a ∈ P1 and b ∈ P2, and then
ag ∈ P1 and bg ∈ P2 for all g ∈ G as P1 and P2 are graded ideals, which implies that
(a, b)g = (ag, bg) ∈ P for all g ∈ G. Hence, P is a graded ideal of R. 
Lemma 2.17. Let R1 and R2 be G-graded rings, R = R1 × R2 and S = S1 × S2,
where Si is a m.c.s of h(Ri). Suppose that P = P1×P2 is a graded ideal of R. Then
P ∈ GSpecS(R) if and only if P1 ∈ GSpecS1(R1) and P2
⋂
S2 6= ∅ or P1
⋂
S1 6= ∅
and P2 ∈ GSpecS2(R2).
Proof. Suppose that P ∈ GSpecS(R). By Lemma 2.16, P1 is a graded ideal of R1 and
P2 is a graded ideal of R2. Now, (1, 0), (0, 1) ∈ h(R) with (1, 0)(0, 1) = (0, 0) ∈ P ,
so there exists s = (s1, s2) ∈ S so that s(1, 0) = (s1, 0) ∈ P or s(0, 1) = (0, s2) ∈ P
and thus P1
⋂
S1 6= ∅ or P2
⋂
S2 6= ∅. We may assume that P1
⋂
S1 6= ∅. Since
P
⋂
S = ∅, we have P2
⋂
S2 = ∅. Let ab ∈ P2 for some a, b ∈ h(R2). Since
(0, a)(0, b) ∈ P and P ∈ GSpecS(R) , we have either s(0, a) = (0, s2a) ∈ P or
s(0, b) = (0, s2b) ∈ P and then s2a ∈ P2 or s2b ∈ P2. Therefore, P2 ∈ GSpecS2(R2).
In the other case, one can easily prove that P1 ∈ GSpecS1(R1). Conversely, assume
that P1
⋂
S1 6= ∅ and P2 ∈ GSpecS2(R2). Then there exists s1 ∈ P1
⋂
S1. Let
(a, b)(c, d) = (ac, bd) ∈ P for some a, c ∈ h(R1) and b, d ∈ h(R2). Then bd ∈ P2 and
thus there exists s2 ∈ S2 so that s2b ∈ P2 or s2d ∈ P2. Let s = (s1, s2) ∈ S. Then
s(a, b) = (s1a, s2b) ∈ P or s(c, d) = (s1c, s2d) ∈ P . Therefore, P ∈ GSpecS(R). In
other case, one can similarly prove that P ∈ GSpecS(R). 
LetM1 be a G-graded R1-module,M2 be a G-graded R2-module and R = R1×R2.
Then M = M1 ×M2 is G-graded R-module with Mg = (M1)g × (M2)g for all g ∈ G
(see [8]). Similarly to Lemma 2.16, one can prove the following:
Lemma 2.18. Let M1 be a G-graded R1-module, M2 be a G-graded R2-module,
R = R1 × R2 and M = M1 ×M2. Then L = N ×K is a graded of R-submodule of
M if and only if N is a graded R1-submodule of M1 and K is a graded R2-submodule
of M2.
Proposition 2.19. Suppose that M = M1 × M2 is a graded R-module and S =
S1 × S2 is a m.c.s. of h(R), where Mi is a G-graded Ri-module, R = R1 × R2, and
Si is a m.c.s of h(Ri). Assume that L = N×K is a graded R-submodule of M . Then
L ∈ GSpecS(RM) if and only if N ∈ GSpecS1(R1M1) and (K :R2 M2)
⋂
S2 6= ∅ or
(N :R1 M1)
⋂
S1 6= ∅ and K ∈ GSpecS2(R2M2).
Proof. Suppose that L ∈ GSpecS(RM). By Lemma 2.18, N is a gradedR-submodule
of M1 and K is a graded R-submodule of M2. Now, by Proposition 2.13 (1), (L :R
M) = (N :R1 M1)× (K :R2 M2) ∈ GSpecS(R) and so by Lemma 2.17, either (N :R1
M1)
⋂
S1 6= ∅ or (K :R2 M2)
⋂
S2 6= ∅. We may assume that (N :R1 M1)
⋂
S1 6= ∅.
Now, we show that K ∈ GSpecS2(R2M2). Let rm ∈ K for some r ∈ h(R2), m ∈
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h(M2). Then (1, r) ∈ h(R) and (0, m) ∈ h(M) such that (1, r)(0, m) = (0, rm) ∈ L.
Since L ∈ GSpecS(RM), there is an s = (s1, s2) ∈ S so that s(1, r) = (s1, s2r) ∈
(L :R M) or s(0, m) = (0, s2m) ∈ L. This implies that s2r ∈ (K :R2 M2) or s2m ∈ K.
Therefore, K ∈ GSpecS2(R2M2). In the other case, it can be similarly proved that
N ∈ GSpecS1(R1M1). Conversely, suppose that (N :R1 M1)
⋂
S1 6= ∅ and K ∈
GSpecS2(R2M2). Then there exists s1 ∈ (N :R1 M1)
⋂
S1. Let (r1, r2)(m1, m2) =
(r1m1, r2m2) ∈ L for some ri ∈ h(Ri), mi ∈ h(Mi). Then r2m2 ∈ K. Since
K ∈ GSpecS2(R2M2), there is an s2 ∈ S2 so that s2r2 ∈ (K :R2 M2) or s2m2 ∈ K.
Let s = (s1, s2) ∈ S. Then s(r1, r2) = (s1r1, s2r2) ∈ (L :R M) or s(m1, m2) =
(s1m1, s2m2) ∈ N ×K = L. Therefore, L ∈ GSpecS(RM). Similarly one can show
that if N ∈ GSpecS1(R1M1) and (K :R2 M2)
⋂
S2 6= ∅, then L ∈ GSpecS(RM). 
By applying induction and Proposition 2.19, we introduce the following:
Proposition 2.20. Suppose that M = M1 × ... × Mn is a graded R-module and
S = S1 × ... × Sn is a m.c.s. of h(R), where Mi is a G-graded Ri-module, R =
R1× ...×Rn, and Si is a m.c.s of h(Ri). Assume that N = N1× ...×Nn is a graded
R-submodule of M . Then N ∈ GSpecS(RM) if and only if Ni ∈ GSpecSi(RiMi) for
some i and (Nj :Rj Mj)
⋂
Sj 6= ∅ for all j 6= i.
Lemma 2.21. Let M be a G-graded R-module and N be a graded R-submodule of
M . If r ∈ h(R), then (N :M r) = {m ∈M : rm ∈ N} is a graded R-submodule of
M .
Proof. Clearly, (N :M r) is an R-submodule of M . Let m ∈ (N :M r). Then
rm ∈ N . Now, m =
∑
g∈G
mg where mg ∈ Mg for all g ∈ G. Since r ∈ h(R), r ∈ Rh
for some h ∈ G and then rmg ∈ RhMg ⊆ Mhg ⊆ h(M) for all g ∈ G such that∑
g∈G
rmg = r
(∑
g∈G
mg
)
= rm ∈ N . Since N is graded, rmg ∈ N for all g ∈ G which
implies that mg ∈ (N :M r) for all g ∈ G. Hence, (N :M r) is a graded R-submodule
of M . 
Lemma 2.22. Let M be a graded R-module, S be a m.c.s of h(R) and N ∈
GSpecS(RM). Then there exists s ∈ S such that
(1) (N :M t) ⊆ (N :M s) for all t ∈ S.
(2) ((N :R M) :R t) ⊆ ((N :R M) :R s) for all t ∈ S.
Proof. (1) Since N ∈ GSpecS(RM), there is an s ∈ S so that rm ∈ N implies
sr ∈ (N :R M) or sm ∈ N for all r ∈ h(R) and m ∈ h(M). Let t ∈ S
and m ∈ (N :M t). Then mg ∈ (N :M t) for all g ∈ G as (N :M t) is
graded submodule by Lemma 2.21, and then tmg ∈ N for all g ∈ G. Since
N ∈ GSpecS(RM) and (N :R M)
⋂
S = ∅, smg ∈ N for all g ∈ G, and then
sm ∈ N , that is m ∈ (N :M s).
(2) Obvious from (1).

Proposition 2.23. Suppose that M is a finitely generated graded R-module, S ⊆
h(R) is a m.c.s and N is a graded R-submodule of M such that (N :R M)
⋂
S = ∅.
Then N ∈ GSpecS(RM) if and only if S
−1N is a graded prime R-submodule of
S−1M and there is an s ∈ S so that (N :M t) ⊆ (N :M s) for all t ∈ S.
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Proof. Suppose that N ∈ GSpecS(RM). Then the result holds by Proposition 2.2
and Lemma 2.22. Conversely, let r ∈ h(R) and m ∈ h(M) with rm ∈ N . Then
r
1
m
1
∈ S−1N . Since S−1N is a graded prime R-submodule of S−1M andM is finitely
generated, we have that r
1
∈ (S−1N :S−1R S
−1M) = S−1(N :R M) or
m
1
∈ S−1N .
Then ur ∈ (N :R M) or vm ∈ N for some u, v ∈ S. By assumption, there is
an s ∈ S so that (N :M t) ⊆ (N :M s) for all t ∈ S. If ur ∈ (N :R M), then
rM ⊆ (N :M u) ⊆ (N :M s) and thus sr ∈ (N :R M). If vm ∈ N , a similar
argument proves that sm ∈ N . Therefore, N ∈ GSpecS(RM). 
Proposition 2.24. Let M be a graded R-module, S be a m.c.s of h(R) and N be a
graded R-submodule of M with (N :R M)
⋂
S = ∅. Then N ∈ GSpecS(RM) if and
only if (N :M s) ∈ GSpec(RM) for some s ∈ S.
Proof. Suppose that N ∈ GSpecS(RM). Then there is an s ∈ S so that rm ∈ N
implies sr ∈ (N :R M) or sm ∈ N . Now we show that (N :M s) ∈ GSpec(RM). By
Lemma 2.21, (N :M s) is a graded R-submodule ofM . Let r ∈ h(R),m ∈ h(M) with
rm ∈ (N :M s). Then (sr)m ∈ N . Since P ∈ GSpecS(RM) , we have s
2r ∈ (N :R
M) or sm ∈ N . If sm ∈ N , then there is nothing to prove. Suppose that sm /∈ N .
Then s2r ∈ (N :R M) and so r ∈ ((N :R M) :R s
2) = ((N :R M) :R s)) by Lemma
2.22. Hence, we have that r ∈ ((N :M s) :R M) and hence (N :M s) ∈ GSpec(RM).
Conversely, assume that (N :M s) ∈ GSpec(RM) for some s ∈ S. Let rm ∈ N for
some r ∈ h(R), m ∈ h(M). Since rm ∈ (N :M s) and (N :M s) ∈ GSpec(RM), we
have r ∈ ((N :M s) :R M) or m ∈ (N :M s), and then rs ∈ (N :R M) or sm ∈ N .
Hence, N ∈ GSpecS(RM). 
Consider a graded R-module M with a graded R-submodule N . By ([2], Propo-
sition 2.7), if N ∈ GSpec(RM), then (N :R M) ∈ GSpec(R). However, the next
example shows that the converse is not true in general.
Example 2.25. Consider R = Z and G = Z4. Then R is trivially G-graded by
R0 = Z and R1 = R2 = R3 = {0}. Consider the R-module T = Z[i]. Then T
is G-graded by T0 = Z, T2 = iZ and T1 = T3 = {0}. So, M = T × T is a G-
graded R-module where Mg = Tg × Tg for all g ∈ G. Choose m = (2, 0) ∈ h(M),
then N = Rm is a graded R-submodule of M with (N :R M) = {0} ∈ GSpec(R).
On the other hand, N /∈ GSpec(RM) since 2 ∈ h(R) and (3, 0) ∈ h(M) such that
2(3, 0) ∈ N , but 2 /∈ (N :R M) and (3, 0) /∈ N .
Now, we investigate graded S-prime submodules to introduce a situation where
the converse of ([2], Proposition 2.7) is true.
Proposition 2.26. Let (R,X) be a graded quasilocal ring, M be a graded R-module
and N be a graded R-submodule of M . Then N ∈ GSpec(RM) if and only if
(N :R M) ∈ GSpec(R) and N ∈ GSpech(R)−X(RM).
Proof. Suppose that N ∈ GSpec(RM). Since (N :R M) ⊆ X , (N :R M)
⋂
(h(R)−
X) = ∅. The rest follows from Proposition 2.2 (1). Conversely, let rm ∈ N with
r /∈ (N :R M) for some r ∈ h(R), m ∈ h(M). Since N ∈ GSpech(R)−X(RM), there
exists s /∈ X so that rs ∈ (N :R M) or sm ∈ N . Since (N :R M) ∈ GSpec(R)
and s /∈ (N :R M), we have rs /∈ (N :R M) and so sm ∈ N . Now, since s /∈ X
and X is graded maximal, 1 = x + as for some x ∈ X and a ∈ R, and then
m = xm+ asm ∈ N . Hence, N ∈ GSpec(RM). 
Let M be an R-module. The idealization R(+)M = {(r,m) : r ∈ R and m ∈M}
ofM is a commutative ring with componentwise addition and multiplication; (x,m1)+
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(y,m2) = (x+y,m1+m2) and (x,m1)(y,m2) = (xy, xm2+ym1) for each x, y ∈ R and
m1, m2 ∈M . Let G be an abelian group andM be aG-graded R-module. ThenX =
R(+)M is G-graded by Xg = Rg(+)Mg for all g ∈ G. Note that, Xg is an additive
subgroup of X for all g ∈ G. Also, for g, h ∈ G, XgXh = (Rg(+)Mg)(Rh(+)Mh) =
(RgRh, RgMh+RhMg) ⊆ (Rgh,Mgh+Mhg) ⊆ (Rgh,Mgh) = Xgh as G is abelian, (see
[11]). If S is a m.c.s. of h(R) and N is a graded R-submodule of M , then S(+)N
is a m.c.s. of h(R(+)M).
Lemma 2.27. Let G be an abelian group, M be a G-graded R-module, P be an
ideal of R and N be an R-submodule of M such that PM ⊆ N . Then P (+)N is a
graded ideal of R(+)M if and only if P is a graded ideal of R and N is a graded
R-submodule of M .
Proof. Follows from [11, Proposition 3.3]. 
Proposition 2.28. Let G be an abelian group, M be a G-graded ring, S be a m.c.s
of h(R) and P be a graded ideal of R with P
⋂
S = ∅. Then the following are
equivalent:
(1) P ∈ GSpecS(R).
(2) P (+)M ∈ GSpecS(+){0}(R(+)M).
(3) P (+)M ∈ GSpecS(+)M(R(+)M).
Proof. (1) ⇒ (2) : Suppose that P ∈ GSpecS(R). Let (x,m)(y, t) = (xy, xt +
ym) ∈ P (+)M for some x, y ∈ h(R), m, t ∈ h(M). Then we have xy ∈ P . Since
P ∈ GSpecS(R), there exists s ∈ S so that sx ∈ P or sy ∈ P . Now, u = (s, 0) ∈
S(+){0}. Then we have u(x,m) = (sx, sm) ∈ P (+)M or u(y, t) = (sy, st) ∈
P (+)M . Therefore, P (+)M ∈ GSpecS(+){0}(R(+)M).
(2)⇒ (3) : The result holds by Proposition 2.2.
(3) ⇒ (1) : Suppose that P (+)M ∈ GSpecS(+)M(R(+)M). Let xy ∈ P for some
x, y ∈ h(R). Then (x, 0)(y, 0) ∈ P (+)M . Since P (+)M ∈ GSpecS(+)M(R(+)M),
there is an s = (u, t) ∈ S(+)M so that s(x, 0) = (ux, xt) ∈ P (+)M or s(y, 0) =
(uy, yt) ∈ P (+)M , and hence we have ux ∈ P or uy ∈ P . Therefore, P ∈
GSpecS(R). 
Definition 2.29. Suppose that M is a graded R-module and S is a m.c.s. of h(R)
with AnnR(M)
⋂
S = ∅. Then M is said to be a graded S-torsion-free module in
the case that we can find s ∈ S and whenever rm = 0, so sr = 0 or sm = 0 for each
r ∈ h(R) and m ∈ h(M).
Proposition 2.30. Let M be a graded R-module. Assume that S is a m.c.s. of h(R)
and N is a graded R-submodule of M . Then N ∈ GSpecS(RM) if and only if M/N
is a graded f(S)-torsion free R/(N :R M)-module, where f : R → R/(N :R M) is
the graded R- homomorphism defined by f(r) = r + (N :R M) for all r ∈ R.
Proof. Suppose that N ∈ GSpecS(RM). Let rm = 0M/N , where r = r + (N :R M)
and m = m + N for some r ∈ h(R), m ∈ h(M). Then rm ∈ N . Since N ∈
GSpecS(RM), there is an s ∈ S so that sr ∈ (N :R M) or sm ∈ N , and then
we have that f(s)r = 0R/(N :RM) or f(s)m = 0M/N . Therefore, M/N is a graded
f(S)-torsion free R/(N :R M)-module. Conversely, suppose that M/N is a graded
f(S)-torsion free R/(N :R M)-module. Let r ∈ h(R) and m ∈ h(M) with rm ∈ N .
Assume that r = r + (N :R M) and m = m + N . Then rm = 0M/N . Since M/N
is a graded f(S)-torsion free R/(N :R M)-module, we have s ∈ S, which satisfies
f(s)r = 0R/(N :RM) or f(s)m = 0M/N , which implies that sr ∈ (N :R M) or sm ∈ N .
Hence, N ∈ GSpecS(RM). 
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Let M be a graded R-module. Then the set of all homogeneous zero divisors of
M is HZ(M) = {r ∈ h(R) : rm = 0 for some nonzero m ∈ h(M)}.
Proposition 2.31. Let M be a finitely generated graded R-module and S is a
m.c.s. of h(R). If every proper graded R-submodule of M is graded S-prime, then
HZ(M) = AnnR(M)
⋂
h(R).
Proof. Let r ∈ HZ(M). Then r ∈ h(R) and there is a nonzero m ∈ M with
rm = 0. Since the graded zero submodule is graded S-prime and rm = 0, there
is an s ∈ S so that sr ∈ AnnR(M) or sm = 0. If sm = 0, then s ∈ AnnR(m).
Now, Let K = AnnR(m)M . Then K is a graded R-submodule of M such that
S
⋂
(K :R M) 6= ∅. Thus, we have K = AnnR(m)M = M . By ([4], Corollary
2.5), 1 − x ∈ AnnR(M) ⊆ AnnR(m) for some x ∈ AnnR(m), which implies that
AnnR(m) = R, and so m = 0, which is a contradiction. So, sr ∈ AnnR(M). Then
we have that s ∈ (AnnM (r) :R M) and hence by assumption AnnM (r) = M as
AnnM(r) = (0 :M r) is a graded R-submodule of M by Lemma 2.21. Thus, we have
r ∈ AnnR(M). Therefore, HZ(M) = AnnR(M)
⋂
h(R). 
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